INTRODUCTION
The cell quota model was developed to describe the relationship between elemental composition and Cbased growth rate (μ) in phytoplankton (Droop 1973) . For any potentially limiting nutrient n, the effect of its cell quota Q n on phytoplankton growth rate is described by (1) where the cell quota Q n is the ratio of n to biomass (C), and Q 0 n is the subsistence or minimum quota. The cellquota approach has been used to construct phytoplankton growth models describing the interactions of light and nutrient limitation (e.g. Laws & Chalup 1990 , Geider et al. 1998 ), but few attempts have been made to include effects of different nutrient elements in a mechanistic theory (Flynn 2001 , Flynn 2008 . Colimitation by several nutrients has been classified on a theoretical basis by Arrigo (2005) , who distinguished direct effects of nutrient concentration (multi-nutrient colimitation), organismlevel effects (biochemical colimitation) and populationlevel effects (community colimitation). More recently, Saito et al. (2008) further distinguished organism-level effects as independent, biochemical substitution and biochemically dependent colimitation. The most common treatment of the effects several potentially limiting nutrients may have on phytoplankton growth uses either multiplicative or threshold formulae to combine the respective individual effects (e.g. ABSTRACT: Models of multiple potentially limiting nutrients currently employ either multiplicative or threshold formulations, neither of which has a sound mechanistic explanation. Despite experimental evidence that lack of P severely constrains N assimilation, this mechanism has not been considered for constructing models of multi-nutrient limitation. We construct a phytoplankton optimal growth model linking C, chlorophyll (Chl), N, and P through a limitation chain in which P limits N assimilation, N limits photosynthesis and photosynthesis limits growth. The resulting formulation possesses characteristics of both multiplicative and threshold approaches and provides a mechanistic foundation for modelling multi-nutrient and light limitation of phytoplankton growth. The model compares well with experimental observations for a variety of unicellular phytoplankton species. It is suggested that the widely held view that N and P limitation act independently of each other is based on an invalid interpretation of experimental observations and that the transition from N to P limitation occurs over a wide range of colimitation rather than a sharply-defined transition point. If the species considered in this study are representative for marine phytoplankton, our model results indicate that most phytoplankton are colimited by N and P when inorganic N and P are simultaneously exhausted in the surface ocean. The model suggests that the close match between marine inorganic (Redfield) and phytoplankton N:P ratios results from optimal nutrient utilisation but does not indicate optimality of Redfield N:P.
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Resale or republication not permitted without written consent of the publisher which fall into the category of independent nutrient colimitation sensu Saito et al. (2008) , as the limitation term ƒ n1 for nutrient n 1 is independent of nutrient n 2 and vice versa. Colimitation is the simultaneous limitation (reduction) of growth by several resources and can be contrasted with luxury uptake, where variation of the stoichiometry of non-limiting elements does not affect growth rates. In this respect, only the multiplicative form of Eq. (2) always describes colimitation, whereas the threshold function produces colimitation only if all ƒ n are equal. For simplicity, however, we will use the term colimitation model here to refer to the description of growth as a function of 2 or more potentially limiting nutrients that may or may not influence growth rates under a specific set of circumstances.
Because it is difficult to establish simultaneous limitation by several nutrients experimentally, the effects of several potentially limiting nutrients are usually examined by varying the concentration of one nutrient (assumed to be limiting) while keeping the others constant (assumed to be non-limiting). In such experiments, Q P (P:C ratio) is more variable and behaves qualitatively different under P limitation than Q N (N:C ratio) does under N limitation (e.g. Terry et al. 1985) . A much more striking asymmetry is observed, however, for the non-limiting cell quota, i.e. between Q P under N limitation and Q N under P limitation (non-limiting cell quota): Q P is much higher under N than under P limiting conditions for any given growth rate (Healey 1985 , Terry et al. 1985 , whereas the relationship between Q N and growth rate is usually very similar for both N and P limitation (Laws & Bannister 1980 , Terry 1980 . Formulations of independent colimitation are necessarily symmetrical with respect to different nutrient element cell quotas and thus cannot explain the asymmetrical behaviour of the non-limiting cell quota under N or P limitation. This is not to say that the experiments by Healey (1985) and Terry et al. (1985) are examples of N and P colimitation; however, regardless whether colimitation actually occurred, a colimitation model should be able to reproduce the differential behaviour of the limiting and non-limiting nutrient quotas in these experiments, while symmetrical models could not: the multiplicative formulation in Eq. (2) would necessarily require a higher cell quota of the non-limiting nutrient in both cases in order to achieve the same growth rate under otherwise identical conditions. The threshold formulation in Eq. (2) could principally be formulated in such a way that an asymmetric response is achieved, e.g. by imposing ƒ N ≤ ƒ P , but this is not mechanistically motivated and would restrict the N:P ratio to below the value for light-limited growth (where ƒ N = ƒ P = 1) or below, which is usually exceeded for P limited growth. Flynn (2001) proposed an intermediate formulation allowing for some interaction between the effects of N and P limitation, but because the interaction term is symmetrical, it cannot explain the asymmetric behaviour of non-limiting N and P quotas (Fig. 6 in Flynn 2001) . In order to achieve an asymmetric behaviour, Flynn (2008) pragmatically applied different multipliers ad hoc to non-limiting N and P transport. Terry et al. (1985) interpreted the finding of an almost unique relationship between growth rate and Q N over a wide range of supply N:P ratios as indicating that P limitation restricts N assimilation. This interpretation has not been used in phytoplankton growth models of multiple limiting nutrients, possibly due to a lack of evidence for interactions between effects of N and P limitation (Rhee 1978 , Saito et al. 2008 . Studies designed to detect colimitation, e.g. that of Rhee (1978) , however, have focused exclusively on the difference between multiplicative and threshold formulations and have only considered independent colimitation. If N assimilation is controlled by P, N and P colimitation would instead have to be considered as biochemically dependent in terms of the classification proposed by Saito et al. (2008) . P and N could be envisaged as a chain of limitations in which Q P limits N assimilation and Q N determines rates of growth and other processes (chain model, Ågren 2004 ). This concept is used here to extend a slightly simplified version of the optimal growth model of Pahlow (2005) to include P.
MODEL
Phytoplankton growth is usually described in terms of benefits only, e.g. as monotonically increasing functions of nutrient concentration or cell quota. Describing optimal growth requires the identification of trade-offs in terms of benefits and costs involved in chlorophyll (Chl) synthesis and nutrient assimilation. Two different kinds of costs can be distinguished, actual losses and allocation costs. Respiration covering the cost of biosynthesis is an example of an actual loss. Allocation costs are the result of competing requirements by different processes for limited cellular resources. For example, a larger allocation of N in the form of enzymes used for pigment synthesis will necessarily reduce its allocation for nutrient uptake. Optimalitybased phytoplankton models have mostly focused on allocation (Shuter 1979 , Armstrong 1999 , Klausmeier et al. 2004a , Armstrong 2006 ), but Pahlow (2005) also considered the energetic cost of biosynthesis, and this is also done in the model presented here.
The model describes phytoplankton growth in terms of the dynamics of 4 state variables, C, N, P and Chl, representing the total biomass and composition of phytoplankton cells:
where t is time, V N and V P are N and P assimilation rates per unit biomass, Q N , Q P and θ C are cellular N:C, P:C and Chl:C ratios, R M is maintenance respiration, and ζV N defines the cost of biosynthesis proportional to N assimilation (Laws & Wong 1978 , Geider et al. 1998 . The cost of biosynthesis nevertheless is supposed to include all costs associated with active growth, including P assimilation, pigment synthesis, etc. The application of loss terms equal to R M to N, P and Chl in Eqs. (3) to (6) is meant to represent losses due to, for example, leakage and decay of pigments (the same loss rate is applied to all compartments for mathematical convenience). All model variables and parameters are defined in Table 1 . Expressions for μ g , V N , V P , and 1/θ C ·dθ C /dt are derived by dividing the phytoplankton cell into idealised functional compartments ( Fig. 1) and are based on the following set of assumptions.
(1) Regulation of nutrient uptake and Chl synthesis maximises balanced growth rate of the cell. Balanced growth means growth with constant cellular composition, i.e. (7) (2) A constant amount of P per unit biomass (Q P 0 ) is associated with DNA in the nucleus and phospholipids in membranes, both of which are expected to occur in relatively constant and similar proportions to biomass (Sterner & Elser 2002) , and the remainder comprises ribosomes and RNA, responsible for protein biosynthesis (biosynthetic apparatus).
(3) A constant amount of N per unit biomass (Q N 0 ) is used for the protoplast, with the remainder in the chloroplast.
(4) Assimilated N contributes to enzyme activity, because it is contained either directly in enzymes or in structural compounds necessary for enzyme activity.
(5) N assimilation can be split into 2 steps, uptake into the cell and assimilation into protein, whereby uptake is due to proteins of the uptake apparatus, assumed to form a constant fraction of Q N 0 (Fig. 1) , and protein biosynthesis occurs at the ribosomes (Q P -Q P 0 ). (6) The N:C ratio is the same in protoplast and chloroplast and the P:C ratio is the same everywhere within the protoplast, i.e. the P:C ratio of the biosynthetic apparatus equals protoplast P:C ratio.
(7) Biomass (C) is allocated to each compartment in proportion to its potential activity (energy (C) or nitrogen processing capacities of N and P associated compartments, respectively). Inorganic P concentration in fresh medium
Maintenance respiration
Unregulated N uptake rate V Assumptions 1 to 4 define the idealised compartments and Assumption 5 stipulates that N assimilation depends on Q P , which causes an asymmetry between effects of N and P because there is no corresponding effect of Q N on P assimilation. Assumptions 6 and 7 define biomass (C) as a common frame of reference for modelling the effects of N and P.
The idealised compartments are defined with respect to specific functions associated with each compartment's respective share of total cellular P, N, C and Chl (Fig. 1) . N is divided between the biochemical machinery of the protoplast including the cellular envelope (Q N 0 ), responsible for nutrient uptake and assimilation, protein biosynthesis, much of the pigment synthesis etc., and the photosynthetic apparatus of the chloroplast (Q N -Q N 0 ). The protoplast also contains the nucleus and the biosynthetic apparatus and is assumed to hold all of the cell's P. P is divided between the nucleus and membranes (Q P 0 ), and the biosynthetic apparatus (Q P -Q P 0 ), all within the protoplast, such that chloroplast P (assumed to be negligible) is subsumed as part of Q P 0 ( Fig. 1) . C is allocated between chloroplast and protoplast and within the protoplast according to the potential activities of each (sub-) compartment. The correspondence between these compartments and their functions and stoichiometry is of course highly simplified. The compartments must be thought of in terms of their functional equivalents in cyanobacteria.
Nutrient uptake and assimilation. Nutrient uptake and assimilation and the biosynthesis of proteins, pigments etc. mainly happen in the protoplast. Within the protoplast, N is associated with nutrient uptake and assimilation and pigment synthesis, and P is associated with protein biosynthesis. Hence, nutrient uptake activity of the protoplast can be expressed with respect to the whole cell, via the assumptions of equal N:C ratio in protoplast and chloroplast (Assumption 6) and biomass being proportional to potential activity (Assumption 7), by multiplying with the relative size (biomass fraction C p /C) of the protoplast: (8) where C p and N p are protoplast C and N content. Nutrient uptake is based on the formulation of Aksnes & Egge (1991) , where the half-saturation nutrient concentration varies as the ratio of the maximal uptake rate and affinity (V max /A). P uptake is the first element in the chain of limitations ( Fig. 2 ) and is thus described as (9) where P i is ambient P concentration, V P ϳ is unregulated P uptake rate and A is nutrient affinity. V P ϳ will usually be the same as actual P uptake rate (V P ) but may be down-regulated if Q P reaches its maximum (Q P max ), e.g. under severe light limitation (see below).
P can be used in the same form in which it enters the cell but this is not the case for inorganic N (N i ), which, in the case of nitrate or nitrite, first has to be reduced to ammonium before it is assimilated into amino acids and finally protein. The final step, i.e. protein biosynthesis, is performed by the biosynthetic apparatus comprised of ribosomes and other forms of RNA, which ) and light harvesting. Nutrient uptake is optimised in the first control cycle (dashed lines), which balances affinity (A) against maximal P and N uptake by means of adjusting the affinity allocation factor (ƒ A ) so as to maximise N assimilation. The second control cycle (dash-dotted lines) balances the gain in gross growth rate due to increased Q N against respiration loss (R) incurred by nitrogen assimilation to set an upper limit for nutrient assimilation. Improved light harvesting is balanced against competing requirements for energy and enzymes between chlorophyll synthesis and nutrient assimilation in the third control cycle (dotted lines). (+) and (-) indicate positive and negative effects, respectively have a high P content (Sterner & Elser 2002) . Because chloroplast P is assumed to be negligible, cellular P is divided between nucleus and membranes (represented by Q P 0 ) and the biosynthetic apparatus (Q P -Q P 0 ) within the protoplast, i.e. we assume P = P p , where P p is the protoplast P content. The relative biomass of the biosynthetic apparatus with respect to the protoplast (C b /C p ) is calculated analogously to Eq. (8) using the above assumption of equal P:C ratio within the protoplast, as (10) where C b and P b are the C and P content of the biosynthetic apparatus, and P n and P p = P are the nucleus and protoplast (= total cellular) P content. It is assumed here for simplicity that the protoplast-normalised size (assumed proportional to its activity) of the biosynthetic apparatus, , defines the fraction of N actually assimilated into active protein after it was taken up:
where V N ϳ is the unregulated N assimilation rate and which is otherwise analogous to Eq. (9). Similar to V P ϳ , V N ϳ may be down-regulated under severe light limitation to prevent above-optimal Q N (see below). P assimilation is assumed to be the same as P uptake, whereas some of the N taken up is lost if it cannot be assimilated. The potential N uptake capacity V N 0 can be estimated as the ratio of continuous energy turnover capacity (Dμ * , see Pahlow 2005 ) and the amount of energy needed for N assimilation (cost of biosynthesis, ζ). Because of the assumption of an equal N:C ratio in chloroplast and protoplast and with ξ defined as the amount of C associated with each unit of Chl, fraction ξθ C of protoplasmic N is needed for pigment synthesis, such that fraction 1 -ξθ C is available for nutrient uptake and assimilation, and is allocated between surface area (determining affinity A) and processing capacity (determining V N max , V P max ) of the uptake apparatus (Smith & Yamanaka 2007) (12) (13) (14) where the affinity allocation factor ƒ A is the fraction of N allocated to nutrient affinity (surface area of uptake sites), A 0 is potential affinity, and V (14) describe the regulation of N distribution within the nutrient uptake apparatus by a single control cycle (of ƒ A ) for both N and P uptake (Fig. 2) .
Allocation of N between maximal uptake rates and affinity via ƒ A defines a control cycle for nutrient assimilation (Fig. 2) . Smith & Yamanaka (2007) hypothesised that ƒ A should be optimised by maximising growth with respect to the limiting nutrient in a threshold formulation. Since Q N limits growth more directly than Q P in the chain model, the most direct strategy for maximising growth rate is to optimise total N assimilation, taking into account both the direct effect of ƒ A on V N and the indirect effect mediated via V P and Q P . An expression for optimal ƒ A is thus derived from the balanced-growth approximation (15) where V P and V N are actual rates of P and N assimilation. Substituting Eqs. (15), (13) (18) where C c and N c are chloroplast C and N content. Biomass-normalised rate of C fixation is the same as gross growth rate (μ g ), which (after Baumert 1996 , Pahlow 2005 ) is obtained as (19) where S I is the degree of light saturation of the photosynthetic apparatus and μ * the maximum daytime rate of energy turnover. This formulation explains N limita- (Fig. 2) . We assume that P uptake is down-regulated in a similar manner once a maximal Q P (Q P max , defined below) is reached: (24) where V N and V P are actual rates of N and P assimilation. Down-regulation of N uptake was formulated as a function of dμ -/dQ N in Pahlow (2005) , which prevented Q N from ever reaching its optimum. Eq. (24) Thus, it appears reasonable to define the control cycle for chlorophyll synthesis (Fig. 2 ) so as to maximise the energy available for N assimilation in balanced growth, which is proportional
If all net fixed C went into Chl synthesis, the rate of change of θ C would be μ/ξ because ξ units of C must be used for each unit of Chl. A simple formulation for the regulation of θ C is obtained as the product of μ/ξ and the derivative of available energy,
The minimum of Eq. (25) is -μ, such that μ Chl = 0, in agreement with the view that down-regulation of θ C occurs mostly via cessation of Chl synthesis rather than Chl destruction (Cullen & Lewis 1988) . Eq. (25) is the same as Eq. (7) in Pahlow (2005) but was derived from an optimisation criterion at the whole cell level rather than that of the chloroplast. The steady-state solution of Eq. (25) is (26) where W is the Lambert-W function and which maximises available energy in balanced growth.
The 4 differential Eqs. 
irradiance in balanced growth. In a chemostat, the growth rate is set by the dilution rate, thus μ -is known and Q N can be calculated from S I and Eq. (22). N i , P i and Q P can then be obtained using the additional constraint (27) where N t and P t are the N and P concentrations in fresh culture medium. The solution of Eq. (27) is given in Appendix 1. In a turbidostat, N i and P i are known and Q N is obtained as the solution of Eqs. (20) & (22), which is also given in Appendix 1. The turbidostat solution might also be convenient for use in biogeochemical models, where it could be used to reduce the number of tracers, as only the inorganic nutrient concentrations and one of cellular C, N, or P are needed to define steady-state phytoplankton growth rate and composition.
The behaviour at extreme light limitation is trivial as Eq. (24) The highest growth rate is achieved when both nutrient concentrations and irradiance are saturating. Under these conditions, we obtain from Eqs. (15) 
The ratio Q N opt /Q P max is the cellular N:P ratio in the absence of nutrient limitation. Steady-state model behaviour under typically encountered (experimental) conditions is outlined in Fig. 3 . For nutrient limitation, the model displays a striking asymmetry between P:C and N:C behaviour (Fig. 3A, B) : P:C behaviour depends strongly on input N:P, whereas N:C shows a unique relationship to growth rate, which is of course a consequence of μ g being only a function of N in Eq. (19). The difference between the dashed and solid curves in Fig. 3B is due to the difference in μ max . The outermost (solid or dashed) curves in Fig. 3C delimit the region of colimitation, where growth rate is affected by both N and P. Growth is N limited below and P limited above the region of colimitation in Fig. 3C . Horizontal straight segments within the region of colimitation indicate that N:P ≈ N t :P t because N and P are almost completely utilised by the algae. Growth is purely N limited at N:P supply ratios below and purely P limited above this region. The extent of the region of colimitation depends on actual nutrient concentration (Fig. 3C , dashed and solid lines), as does the overall shape of the predicted relationship between N:P ratio and growth rate. Cell N:P will track input N:P ratio throughout much of the range of experimental conditions for nutrient limitation (Fig. 3C, solid lines) , with substantial deviations only at extreme N:P input ratio or relatively high growth rate. However, deviations between cell N:P and supply N:P ratio increase with decreasing nutrient concentrations (Fig. 3C, dashed lines ).
An asymmetry between P:C and N:C behaviour is also predicted, albeit less clearly, under light-limited conditions (Fig. 3D ,E). The P:C ratio decreases similarly throughout the whole range of growth rates with decreasing P i concentration, whereas N:C varies much less at low than at high growth rate (irradiance). The small variation in N:C at zero growth rate in Fig. 3E indicates non-negligible compensation irradiance, which is due to maintenance respiration. N:C variability is most pronounced at low nutrient concentration and both N:C and P:C are affected about as much by absolute nutrient concentration as N:P supply ratio. N:P variability consequently depends strongly on absolute nutrient concentration and is strongest with low light and low (realistic) nutrient concentration (Fig. 3F) . In contrast to nutrient limitation, light limited N:P is thus closer to N t :P t at lower nutrient concentrations.
RESULTS
Figs. 4 to 8 compare model predictions with experimental observations. Model parameters were adjusted by hand to obtain as good as possible an agreement between model and observations (based on normalised residual sums of squares), except that ζ, the cost of biosynthesis coefficient, was calculated as described in (Fig. 4A ) predicted by the model and observed by Laws & Bannister (1980) . Similar unique relationships can be seen also for Chl:C and Chl:N ratios (Fig. 4C,D) . The slope in P limited N:P ratio (Fig. 4B) indicates significant unused N i (cf. topmost line in Fig. 3C ), which is also clear from the fact that cell N:P is much lower than the input N:P ratio. The remaining curves and points ascertain the overall consistency of the model with this dataset. Fig. 5 shows a somewhat different behaviour in that the P limited N:C ratio deviates from the N limited N:C ratio at the lowest growth rate in data from Terry et al. (1985) . Consequently, the N:P ratio becomes very high (Fig. 5 A,B) . However, the deviation in N:C is about the same as for ammonium limitation in Fig. 4A , and the N i source used by Terry et al. (1985) was also ammonium. Hence, it remains unclear whether the difference between the N and P limited N:C ratio at low growth rate could be ascribed to the nature of the limiting element or to increased variability due to the use of ammonium as the N i source. Nevertheless, with the exception of the lowest P limited growth rate, these data support a unique relationship between the N:C ratio and a nutrient limited growth rate. Conversely, the P:C ratio exhibits 2 very distinct patterns under N and P limitation (Fig. 5C ), which demonstrates the asymmetry of non-limiting nutrient quota between N and P limitation.
The dataset by Healey (1985) for Synechococcus linearis was the most complete we could find (Figs. 6 & 7) . Greater discrepancies between model and observations could be expected for S. linearis, as (1) being a freshwater species, it lives in a very different environment than the organisms discussed above, and (2) being a cyanophycean, it also has a very different cellular organisation. With the exception of total biomass concentration and N:P ratio under severely P limited conditions (Fig. 7A,F) , however, the model fits the data fairly well. The asymmetry between N:C and P:C, in particular, is clearly born out in this dataset: N:C ratio behaves similarly, albeit not quite the same, under both N and P limitation (Figs. 6B & 7B), whereas P:C displays a hyperbolic relationship to growth rate only under P limiting conditions (Figs. 6C & 7C) . Chl:C and Chl:N clearly follow the same pattern for N and P limitation, which is distinct from that observed for light limitation (Figs. 6E,F & 7D,E) . Fig. 8 shows the behaviour of the freshwater green alga Scenedesmus sp. over a wide range of N t :P t ratios. The model predicts that Chl:C and N:C should be independent of N t :P t and this seems to be the case for Chl:C. N:C appears to be increasing at high N t :P t ratios, but only the N:C ratio corresponding to the highest N t :P t of 80 is clearly outside the range encompassed for N t :P t < 50 (Fig. 8A ). Cell N:P simply tracks N t :P t in this experiment, whereas the model predicts a lower limit of about 10 and an upper limit of about 47 (Fig. 8B) . Predicted biomass build-up closely matches the observations (Fig. 8B ). Elemental composition and total Chl concentration under light (N t :P t = 4.25), N (N t :P t =1) and P (N t :P t = 266) limited quasi steady state conditions. Symbols are observations and solid lines are model predictions. Closed circles in (C) indicate the relationship between light limited growth rate and irradiance. N:P ratio for P limited experiments (squares in B) was estimated from observed N and predicted P (≈ P t ). Data from Laws & Bannister (1980 , 2004 . Parameter definitions in Table 2 Fig. 5. Phaeodactylum tricornutum. Elemental composition in growth limited by P (N t :P t = 75), N (N t :P t = 15) and light (N t :P t = 6). Data from Terry et al. (1983 Terry et al. ( , 1985 Thus, it appears that the model was able to reproduce the observations from the different experiments with varying success. However, discrepancies between model and data are not greater than discrepancies among the experiments. For example, the high N:P seen in Fig. 8B matching the input N:P ratio is not reproduced by the model for input N:P > 50, but this behaviour is also not seen in Fig. 4B for an input N:P ratio of 266, where the model describes the data correctly. Similarly, Figs. 4A & 6B show declining N:C ratio with increasing irradiance for light limitation, as predicted by the model, whereas such a decline is absent in Fig. 5B .
Our parameter estimates for Q P 0 are between 0.0012 and 0.002. Sterner & Elser (2002) estimate the contribution of P contained in DNA to total Q P in zooplankton to be about 0.0013, with a similar contribution from phospholipids. Geider & La Roche (2002) report biomass contributions (in g gC -1 ) of DNA and phospholipids in phytoplankton as 0.5 to 3% and 5 to 15%, giving contributions to total Q P of 0.0005 to 0.003 molP molC -1 and 0.0013 to 0.004 molP molC -1 , respectively. These ranges overlap with our estimates for Q P 0 and thus illustrate that above interpretation for Q P 0 is consistent with current thinking about plankton stoichiometry.
DISCUSSION
The most conspicuous difference between our chain model and other models of multi-nutrient limitation (e.g. Flynn 2001 , 2008 , Klausmeier et al. 2004b , Smith & Yamanaka 2007 are the invariance of the relationship between a nutrient limited growth rate and the N:C ratio predicted by Eq. (22), and the resulting strong asymmetry between the cell quotas of the respective non-limiting nutrients. Flynn (2008) generated an asymmetry between non-limiting N:C and P:C by means of adding different multipliers for non-limiting N and P transport, whereas the asymmetry follows naturally from the structure of the chain model presented here. The asymmetry . Data from Healey (1985) . Parameters in Table 2 between N:C and P:C behaviour seems to be a general phenomenon evident in all observations shown above. The invariance of the N:C vs. growth relationship appears to hold for a wide range of growth conditions, but N:C can also increase under P limitation, particularly with ammonium as the N source or at very high input N:P ratios (e.g. Figs. 5B, 6B & 8A). Nevertheless, the model still reproduces Chl:C ratios and, except for the lowest growth rates in Fig. 7A , also biomass accumulation in these cases. The slight increase in non-limiting N:C under strong P limitation would agree better with the Flynn (2008) model, which, however, cannot reproduce the unique relation between N:C and growth shown in Fig. 4A (see Fig. 1 in Flynn 2008 ). The chain model assumes that all assimilated N contributes to enzyme activity, where a fixed amount relative to biomass is reserved for protoplast activity Q (Figs. 6E, 7D & 8A ). As the model describes optimal growth and predicted N:C suffices to produce the observed levels of C and Chl, the difference between observed and modelled N:C could be interpreted as luxury or storage N assimilation in the context of the chain model. In this case however, growth would not be optimal as the storage fraction of cell N would contribute to N assimilation costs but not to enzyme activity. In this respect, the lower cost associated with ammonium as compared to nitrate assimilation might also explain why such storage N assimilation might occur for N limitation in Fig. 4A and P limitation in Fig. 5B with ammonium as N i source, but not for P limitation (with the highest input N:P ratio) with nitrate as N i source in Fig. 4A .
The model underestimates biomass build up under severe P limitation for the cyanophycean shown in Fig. 7A , although chlorophyll and biomass appear to F Fig. 7 . Synechococcus linearis. Transition from N or P to light limited conditions. Data from Healey (1985) . Parameter definitions in Table 2 be correctly described for other (eukaryotic) species (Figs. 4B & 8B) . The high biomass observed for the cyanophycean could be related to the ability of these organisms to reduce their P requirement under P stress by replacing phospholipids with sulfolipids (Van Mooy et al. 2006) . This interpretation is supported by an apparent step in P limited P:C in Fig. 7C : For growth rates above 0.4 d -1 the lowest P:C ratio is about 2 mmol mol -1 , whereas it is only half this value for lower growth rates; consequently, biomass (determined by C:P) is also underestimated by up to 50%.
Growth limitation by N and P was classified as independent (type I) colimitation by Saito et al. (2008) , referring to the results of Rhee (1978) , who interpreted the dataset shown in Fig. 8 as evidence for the absence of interactions between growth limiting effects of N and P on the grounds that (1) the sharp transitions in cellular C, N, and P content at the transition between N and P limitation were inconsistent with colimitation effects, and (2) the (symmetrical) multiplicative model was rejected by statistical analysis. Firstly, abrupt transitions are not visible close to the transition point between N and P limitation for biomass-normalised cell quotas (N:C = Q N and P:C = Q P ) in Fig. 8 , which can be thought of as a vertical cut through Fig. 3A to C. The transition point was estimated by Rhee (1978) at N t :P t = 30, which matches the predicted value of Q N opt /Q P max = 29.8. The sharp transitions for cellular N and P content reported by Rhee (1978) were accompanied by concomitant changes in C, which resulted in the smooth behaviour of Q N and Q P around the transition point in Fig. 8 . Thus, the consistency between the (colimitation) model and observations around the transition point indicates that sharp transitions on a per cell basis do not contradict colimitation effects.
Secondly, a multiplicative cell-quota model is not the only way to describe colimitation. Indeed, the good agreement between the chain (colimitation) model and observed N:P for input N:P ratios from 10 to 50 in this experiment means that these data do not contradict colimitation by N and P. On the contrary, the increase in biomass accumulation with increasing input N:P ratio for P limitation, i.e. beyond the optimal N:P of 30 Rhee (1978) , could actually be taken as evidence for colimitation. Considering P limitation as a restriction of the ability to assimilate N implies classifying N and P limitation as biochemically dependent colimitation (Arrigo 2005 , Saito et al. 2008 . This interpretation would also explain the frequent but irregular observation of growth stimulation by individual additions of N and P (co-stimulation, Flemer et al. 1998 ), which would not be expected if only one nutrient was limiting. Other explanations for this phenomenon, such as relief of grazing pressure, suffer from the absence of a clear relationship between experimental setup and the occurrence of co-stimulation.
The chain model describes colimitation by light, N, and P, which it has in common with multiplicative cellquota models, while also providing a clearly-defined transition point between N and P limitation, which is (Table 2) . Dashed vertical line denotes N t :P t = 30, marking the transition point from N to P limitation determined by Rhee (1978) , and dashed diagonal line in (B) is the 1:1 line. Biomass was calculated from rate of C fixation The chain model can be used to define the external limiting nutrient operationally but precisely as that nutrient which is utilised preferentially, i.e. in a higher proportion than at which it is supplied, and which can be quantified by means of a relative utilisation index for N (ƒ 1 N ) as (33) If ƒ 1 N > 1 N is the limiting nutrient, ƒ 1 N < 1 indicates P limitation and if ƒ 1 N ≈ 1 (i.e. when N:P matches the input ratio), N and P are both limiting. This definition could be invalid if the cells stored N or P in an inactive pool or otherwise tracked the input N:P ratio as shown in Fig. 8B , C, but this behaviour appears to be an exception rather than the rule (Hall et al. 2005) and is not evident in the other datasets discussed here either. The definition of the relative utilisation index could easily be extended to more than 2 nutrients: By taking 1 nutrient as a reference and then calculating relative utilisation indices for each nutrient with respect to the reference nutrient, one could thus establish the relative importance of each nutrient for overall growth limitation.
We find ƒ 1 N ≈ 1 throughout much of the region of colimitation in Fig. 3C , particularly when high inorganic nutrient concentrations are used in the input medium (horizontal solid lines in Fig. 3C ). ƒ 1 N could hence be used to determine whether phytoplankton growth is colimited or limited by only one nutrient in chemostat experiments. Limitation by one element applies only if ƒ 1 N is clearly different from 1, which will only occur if a significant remnant concentration of the non-limiting element is detected in the culture vessel. The relative utilisation index is applied to the data by Rhee (1978) together with predicted relative growth rate increments in Fig. 8C . The region of colimitation is defined by significant effects of both N and P on growth rate, i.e. > 0 and > 0, and spans input N:P ratios roughly from 10 to 50, which is the same range where ƒ 1 N ≈ 1. Thus, transition from N to P limitation occurs over a rather wide region of colimitation rather than a sharply-defined transition point.
In a nutrient limited (chemostat) experiment, phytoplankton biomass increases initially until (limiting) nutrients are nearly used up. Phytoplankton blooms behave very similarly in that they end when nutrients are more or less exhausted. Thus, it appears possible to interpret the findings relating cell N:P to supply N:P ratios with respect to the Redfield N:P ratio. Fig. 3C , F shows that N:P can vary strongly for light limitation but deviates only relatively little in nutrient limited experiments, where the relative utilisation index would be close to 1 in most cases. From the parameter estimates in Table 2 (2002) also reported a transition from N to P limitation for N:P supply ratios between 20 and 50. If the species considered in the present study are representative, inorganic N and P supply in Redfield proportions from the deep ocean could thus appear to cause N limitation of marine primary production. However, the almost complete exhaustion of both N and P indicates that ƒ 1 N ≈ 1 and, therefore, the transition point is of little significance and primary production should be considered to be colimited by N and P.
Considering optimal allocation between cellular resource acquisition and assembly machinery, Klausmeier et al. (2004a) found that Redfield N:P in phytoplankton is not optimal. Instead, it results from averaging N:P ratios from species adapted to different growth conditions that just happen to occur in the right proportions to match deep ocean N i :P i . Thus, phytoplankton N:P can change over time. The chain model predicts that phytoplankton can optimise growth by almost complete utilisation of both N i and P i across a wide range of N:P supply ratios (region of colimitation in Fig. 3C ). Hence, in contrast to the results of Klausmeier et al. (2004a) , the close match between phytoplankton and Redfield N:P ratios in the ocean is predicted to result from optimal utilisation of N and P. Nevertheless, the chain model concurs with the predictions that the Redfield N:P is not necessarily the optimal N:P ratio and that the average plankton N:P ratio might change over time. 
